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Translational affine coherent states as solutions to the Wheeler-DeWitt equation
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The Quantum Wheeler-DeWitt operator can be derived from an affine commutation relation via
the affine group representation formalism for gravity, wherein a family of gauge-diffeomorphism
invariant affine coherent states are constructed from a fiducial state. In this article, the role of
the fiducial state is played by a regularized Gaussian peaked on densitized triad configurations
corresponding to 3-metrics of constant spatial scalar curvature. The affine group manifold consists
of points in the upper half plane, wherein each point is labeled by two local gravitational degrees of
freedom from the Yamabe construction. From this viewpoint, here we show that the translational
subgroup of affine coherent states constitute a set of exact solutions of the Wheeler-DeWitt equation.
The affine translational parameter b admits a physical interpretation analogous to a continuous plane
wave energy spectrum, where the curvature constant k plays the role of the energy. This result shows
that the affine translational subgroup generates transformations in the curvature constant k from
the Yamabe problem, while k is inert under the kinematic symmetries of gravity.
1. INTRODUCTION
In [1] it was shown that the local Hamiltonian constraint of four dimensional General Relativity (GR) of Lorentian
signature can be written as an affine commutation relation
Ĥ(x)|ψ〉 = ([iQ̂, V̂ (x)] − λV̂ (x))|ψ〉, λ = ~GΛ
2
, G =
8πGNewton
c3
(1)
wherein Λ is the cosmological constant. Here, ıQ refers to the imaginary part of the Chern–Simons functional of
the Ashtekar self-dual connection Aai = Γ
a
i + iK
a
i , where Γ
a
i is the triad-compatible spin connection.[3] In densitized
triad-extrinsic curvature conjugate variables (E˜ia,K
a
i ), this is given by
ıQ = ı
∫
Σ
d3y
(1
2
(
R˜ia[Γ]K
a
i +K
a
i R˜
i
a[Γ]
)
− 1
3!
ǫ˜ijkǫabcK
a
i K
b
jK
c
k
)
(2)
and V (x) is the local volume element of 3-space Σ, given by
V (x) = |1
6
ǫ˜ijkǫabce
a
i (x)e
b
j(x)e
c
k(x)| =
√
1
3! ˜
ǫijkǫabcE˜ia(x)E˜
j
b (x)E˜
k
c (x) (3)
The magnetic field of the spin connection Γai compatible with spatial triads e
a
i is given by
R˜ia[Γ] = ǫ˜
ijk∂jΓ
a
i +
1
2
ǫ˜ijkǫabcΓ
b
jΓ
c
k, (4)
and R˜ia[Γ]e
a
i =
eR
2 , wherein R = h
ijRij is the 3-D Ricci scalar curvature of the 3-metric hij = e
a
i e
a
j .
One of the main results of [1] is the proposition of a physical Hilbert space HPhys for four dimensional gravity of
Lorentzian signature according to the following prescription. That is, if there exists a gauge-diffeomorphism invariant
fiducial state |η〉 ≡ |0, 0〉 forming a unitary irreducible representation of the affine algebra (1), then it should constitute
a solution to the Hamiltonian constraint. It follows from group theoretical considerations that if the fiducial state is a
solution of the affine commutation relation Ĥ(x)|η〉 = 0, then there exists a family of gauge-diffeomorphism invariant
affine coherent states |a, b〉 = U(a, b)|η〉, such that Ĥ(x)|a, b〉 = 0, wherein
U(a, b) = eiaQ̂eibV̂ (5)
are unitary affine group elements formed from exponentiation of the self-adjoint operators (2) and (3) and we have
defined global volume V =
∫
Σ
d3xV (x). Affine coherent states |a, b〉 form an overcomplete basis for the physical Hilbert
2space HPhys, and to each point (a, b) in the upper half plane with a > 0, which constitutes the group manifold, there
corresponds a single state. The fiducial state |0, 0〉 ≡ |η〉 acts as a seed that generates the whole Hilbert space.
While this is a mathematical result of the representation theory of the affine group, it must be shown that such
a state |η〉 is indeed annihilated by the Wheeler–DeWitt constraint operator in order for this representation theory
to be of direct relevance to GR. An explicit example of a state which identically satisfies the Wheeler–DeWitt
equation Ĥ(x)|ψ〉 = 0 in this sense was found in [2]. The solution |ψ〉 consists of states with support on densitized
triads E˜ia(x) = (E˜
i
a(x))R ∀x ∈ Σ having a constant 3D spatial scalar curvature R = 6k. These states, which are
highly peaked about (E˜ia)R, can be approximated by Gaussians in a certain regularization, which approach the delta
functional in the limit of removal of the regulator. The solutions of [2], which in general contain two gravitational
degrees of freedom per point of the spatial 3-manifold Σ, will serve for the purposes of the present paper, as the
wavefunctional in the densitized triad representation playing the role of the fiducial state |0, 0〉.
In the present paper we will show that the affine coherent states |a, b〉 are as well annihilated by the Wheeler–DeWitt
equation in densitized triad–extrinsic curvature variables (E˜ia,K
a
i ) in a similar sense. We will utilize the structures
and definitions put in place in [2], including the Rigged Hilbert space construction applied to infinite dimensional
functional spaces. Our main result for this paper will be to explicitly demonstrate this feature in the functional
Schrodinger representation for the translational elements U(0, b) of the affine algebra, combined with their physical
interpretation. The analogous computation for the dilational affine group element U(a, 0) will be relegated as a topic
of future research.
This paper is organized as follows. In Section 2 we recount some key results from [2], specifically the regularized
Wheeler–DeWitt equation in self-adjoint form as descended from the affine Lie algebra, as well as the particular
functional Schrodinger representation to be used in this paper. A key feature is the existence of a regulator-induced
singularity which resembles a cosmological constant. In Section 3 we demonstrate the mechanism that generates
the physical Hilbert space from a seed state. We illustrate this at a formal level in Sections 3 and 4 using the
properties of the affine algebra, and rigorously in Section 3 for the translational part of the algebra. We also provide a
physical interpretation for the meaning of affine group translations with respect to the Einstein equations. A rigorous
demonstration of the dilational transformation of the states has been relegated to a future article, while in Section 4
we highlight some of the issues involved. Section 5 is a brief discussion section for our main results.
2. THE HAMILTONIAN CONSTRAINT
Substitution of (2) and (3) into (1) and reordering the terms into a particular self-adjoint form with kinetic operator
schematically of the form KeK leads to a regularized Wheeler–DeWitt equation given by [2]
Ĥǫ(x)ψ[E˜] =
[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
− 1
2
ǫ˜ijkǫabcK̂
a
i e
b
kK̂
c
k
]
ψ[E˜] (6)
We will take ψ[E˜] = 〈E˜|ψ〉 = 〈E˜|η〉 to be the fiducial state in the functional Schrodinger representation diagonalized
on the densitized triad E˜ia. Note that there are regulator-dependent terms (fǫ(0))
2 which have been picked up as a
result of the reordering, which if the regulator were to be removed would blow up as (δ(3)(0))2. We will follow the
method of [2] in dealing with such terms. We will need the equal-time commutation relations
[
̂˜
Eia(x),
̂˜
Ejb (y)] = [K̂
a
i (x), K̂
b
j (y)] = 0; [K̂
a
i (x),
̂˜
Ejb (y)] = i(~G)δ
a
b δ
j
i δ
(3)(x, y). (7)
There are an infinite number of possibilities for the functional Schrodinger representation. We will start off by choosing
one in which the triads act by multiplication and their conjugate momentum via functional differentiation
̂˜
Eia(x)ψ[E˜] = E˜
i
a(x)ψ[E˜]; K̂
a
i (x)ψ[E˜] = i(~G)
δψ[E˜]
δE˜ia(x)
. (8)
We will also choose a wavefunctional Ansatz of the form
ψ[E˜] = eS[E˜], (9)
for its facility of comparison with the semiclassical limit. Then we consider the question, if ψ were to be locally peaked
about some configuration of the triads, what would that imply in terms of the Einstein equations. From (7), one can
3readily read off the extrinsic curvature as
K̂ai (x)ψ[E˜] = i(~G)
( δS
δE˜ia(x)
)
ψ[E˜]. (10)
The result of acting with the triadic extrinsic curvature operator yields its Hamilton–Jacobi functional value times ψ.
Note that this value is a local function of E˜ia evaluated at the spatial point x. Let us now invoke one of the properties
of ψ from [2], namely peakedness on a particular configuration E˜ia(x) = (E˜
i
a(x))R to be determined. Then evaluated
at (eia)R, we have
i(~G)
( δS
δE˜ia(x)
)
eR
= 0. (11)
Equation (11) is the condition that the semiclassical momentum is zero for precisely those configurations eR (namely
eai (x) = (e
a
i (x))R ∀x ∈ Σ or alternatively, the same thing expressed in terms of densitized triads) for which ψ is
peaked. Hence the configurations (E˜ia(x))R constitute critical points of the functional S.
Rewriting equation (6) in the functional Schro¨dinger representation, we have a regularized Hamiltonian constraint
given by
Ĥǫ(x)ψ[E˜] =
[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
+
1
2
(~G)2ǫ˜ijkǫabc
( δ
δE˜ia(x)
ebj(x)
δ
δE˜kc (x)
)
reg
]
ψ[E˜] = 0, (12)
the subscript reg denoting the regularization prescription of [2] involving the regulating function f˜ǫ(x, y) to handle
the double-functional derivatives at the same spatial point x. Hence we have that limǫ→0f˜ǫ(x, y) = δ
(3)(x, y). Using
(9), we get the following expansion in terms of S
Ĥǫ(x)ψ[E˜] =
[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
+
1
2
(~G)2ǫ˜ijkǫabc
[
eai
( δS
δE˜jb
)( δS
δE˜jb
)
+
( δebj
δE˜ia
)
reg
( δS
δE˜kc
)
+ eai
( δ2S
δE˜jbδE˜
k
c
)
reg
]
ψ[E˜] = 0. (13)
There are a few observations which can be made regarding (13). The first term of the second line, in combination
with the first line excluding the (fǫ(0))
2 term, are Hamilton–Jacobi equation type terms which one would normally
use in constructing a semiclassical solution. The remaining terms in the second line will each acquire a factor of fǫ(0)
on account of the regularization prescription, terms which at the semiclassical level are typically ignored. What we
will construct in this paper, analogously to [2], is an exact quantum solution to all orders.
3. THE AFFINE GROUP HILBERT SPACE GENERATION MECHANISM
In [2] solutions to (13) were explicitly constructed, corresponding to manifolds of constant spatial scalar curvature
R = 6k. These solutions would, in the affine formalism, correspond to some fiducial state |η〉 = |0, 0〉, constituting
the origin of the affine group manifold. We will now demonstrate the mechanism whereby the fiducial state seeds the
generation of the whole affine group Hilbert space, which was proven in [1]. We will carry out the analysis for the
translational part U(0, b) of the affine group, reserving the dilational part U(a, 0) for a future article. We will focus
first on those configurations e = eR, upon which the functional S is peaked. Evaluated on this particular configuration
we can make use of the critical point feature (11), wherein the semiclassical Hamilton–Jacobi momentum vanishes, and
the only momentum squared terms which need to be considered are the Hessian terms in the second line of (13). But
first, let us formally demonstrate the invariance of the Wheeler–DeWitt equation under affine group transformations.
The following group action ensues upon exponentiation of the affine Lie algebra [1]
eiaQ̂V̂ e−iaQ̂ = eλaV̂ ; eibV̂ Q̂e−ibV̂ = Q̂− λbV̂ . (14)
One sees that the dilator element has the following representation on V
Q = − iλ
2
(
V
d
dV
+
d
dV
V
)
= − iλ
2
− iλ d
dlnV
. (15)
4The idea will be, starting from the condition Ĥ(x)|η〉 = 0 for some η satisfying the Wheeler–DeWitt equation, then
we would like to verify whether or not U(a, b)|η〉 also satisfies the same equation. Hence, we will show that
U(a, b)Ĥ(x)|η〉 = U(a, b)U(a, b)†Ĥ(x)U(a, b)|η〉 = 0 (16)
where U(a, b)†U(a, b) = 1. So the aim will be to show U(a, b)†Ĥ(x)U(a, b) = Ĥ(x), namely that the Hamiltonian
constraint is invariant under affine group transformations. We will first reinforce this at the level of the algebra (1),
and then subsequently at the level of the Wheeler–DeWitt equation itself (6). Without loss of generality, we will carry
this out for each tranformation separately.
3.1 Affine group translations
Checking first the translational part of the affine algebra U(0, b) = eibV̂ , and starting from (1) we have(
[iQ̂, V̂ (x)] − λV̂ (x))eibV |η〉 = eibV e−ibV ([iQ̂, V̂ (x)]− λV̂ (x))eibV |η〉
= eibV
(
[ie−ibV̂ Q̂eibV̂ , V̂ (x)]− λV̂ (x))eibV̂ |η〉
=
(
[iQ̂+ iλbV̂ , V̂ (x)]− λV̂ (x))|0, b〉 = ([iQ̂, V̂ (x)]− λV̂ (x))|0, b〉, (17)
yielding the invariance of Ĥ(x) under translations at the level of the affine algebra. We have used that [V̂ (x), V̂ ] = 0.
To examine the implictions of this property, as well as to check it, as regards GR, we will next perform the analogous
calculation at the level of the Wheeler–DeWitt equation. Starting from (6), we have[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
− 1
2
ǫ˜ijkǫabcK̂
a
i e
b
kK̂
c
k
]
eibV |η〉
eibV e−ibV
[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
− 1
2
ǫ˜ijkǫabcK̂
a
i e
b
kK̂
c
k
]
eibV |η〉
= eibV
[
e
(R
2
+ Λ +
9
2
(~Gfǫ(0))
2
)
− 1
2
ǫ˜ijkǫabc(e
−ibV K̂ai e
ibV )ebk(e
−ibV K̂cke
ibV )
]
|0, b〉 (18)
Let us now evaluate the kinetic term in the functional Schrodinger representation. We have
e−ibV̂ K̂ai e
ibV̂ = e−ibV i(~G)
δ
δE˜ia(x)
eibV = i(~G)
δ
δE˜ia(x)
+ i(~G)
δ(ibV )
δE˜
= i(~G)
( δ
δE˜ia(x)
+
ib
2
eai (x)
)
, (19)
where we have used δV/δE˜ia =
eai
2 . So the kinetic term of (18) is given by
1
2
(~G)2ǫ˜ijkǫabc
( δ
δE˜ia(x)
+
ib
2
eai (x)
)
ebj(x)
( δ
δE˜kc (x)
+
ib
2
eck(x)
)
ψ[E˜]
=
1
2
(~G)2ǫ˜ijkǫabc
[( δ
δE˜ia
ebj
δ
δE˜kc
)
reg
ψ[E˜] +
ib
2
( δ
δE˜ia
ebje
c
kψ[E˜]
)
reg
+
ib
2
eai e
b
j
δ
δE˜kc
ψ[E˜]− b
2
4
eai e
b
je
c
kψ[E˜]
]
=
1
2
(~G)2ǫ˜ijkǫabc
[( δ
δE˜ia
ebj
δ
δE˜kc
)
reg
ψ[E˜] + ibeai e
b
j
δ
δE˜kc
ψ[E˜] +
ib
2
(δ(eai ebj)
δE˜kc
)
reg
ψ[E˜]− b
2
4
eai e
b
je
c
kψ[E˜]
]
. (20)
Using the relations
ǫ˜ijkǫabce
b
je
c
k = 2E˜
k
c ; ǫ˜
ijkǫabce
a
i e
b
je
c
k = 6e;
(δE˜kc
δE˜kc
)
reg
= 9f˜ǫ(0), (21)
then we have a regularized momentum squared term given by
Ĉǫ(x)ψ[E˜] =
1
2
(~G)2ǫ˜ijkǫabc
( δ
δE˜ia
ebj
δ
δE˜kc
)
reg
ψ[E˜] + ib(~G)2E˜kc
δψ[E˜]
δE˜kc
+ e
(9ib(~G)2fǫ(0)
2
− 3(~Gb)
2
4
)
ψ[E˜], (22)
5where we have used f˜ǫ(0) = e(x)fǫ(0).
Putting the result (22) into (18), we have the following Wheeler–DeWitt operator equation, which can be interpreted
as the previous one plus the second and third terms of (22)
Ĥǫ(x)|0, b〉 =
[
e
(
R
2
+ Λ +
9
2
(~Gfǫ(0))
2 +
9ib(~G)2fǫ(0)
2
− 3(~Gb)
2
4
)
+ b(~G)E˜kc K̂
c
k −
1
2
ǫ˜ijkǫabcK̂
a
i e
b
jK̂
c
k
]
|0, b〉 = 0.(23)
We need to find a wavefunctional annihilated by (23), including cancelation of its regularization-dependent terms.
Using the form
ψ[E˜] = eS[E˜] = 〈E˜|0, b〉, (24)
combined with the second line of (13), we have a regularized Wheeler-DeWitt equation given by
Ĥǫ(x)ψ[E˜] =
[
e
(
R
2
+ Λ +
9
2
(~Gfǫ(0))
2 +
9ib(~G)2fǫ(0)
2
− 3(~Gb)
2
4
)
+ ib(~G)2E˜kc
δS
δE˜kc
+
1
2
(~G)2ǫ˜ijkǫabc
[
eai
( δS
δE˜jb
)( δS
δE˜jb
)
+
( δebj
δE˜ia
)
reg
( δS
δE˜kc
)
+ eai
( δ2S
δE˜jbδE˜
k
c
)
reg
]
ψ[E˜] = 0. (25)
In analogy with [2] there are two cases which we need to analyse, namely those configurations e 6= eR and e = eR for
some eR upon which S has one or more critical points. We will consider first the case e = eR.
3.2 The peaked configurations e = eR
Note, due to (11), that for any ǫ > 0 the first and second terms in the second line of (25) will always be zero,
as well as the last term on the first line. While the vanishing of the first functional derivative of S for e = eR is a
semiclassical effect at the Hamilton–Jacobi level, the second functional derivative will be nonzero, which is a quantum
statement. So the only momentum squared term that will contribute for these peaked configurations is the third term
in the second line of (25). This term, which requires a regulator, is given by
( δ2S
δE˜ia(x)δE˜
j
b (x)
)
reg
=
∫
Σ
d3yf˜ǫ(x, y)
( δ2S
δE˜ia(x)δE˜
j
b (y)
)
eR
= f˜ǫ(0)M
ab
ij , (26)
where Mabij is the Hessian matrix of the functional S.
Upon naive removal of the regulator, the Hamiltonian constraint (25) would blow up for e = eR. To avoid this, all
regulator-dependent terms must somehow cancel out so that the constraint is identically satisfied, free of infinities.
The only way possible to achieve this seems to be that the functional S must acquire some dependence upon the
regulator. So let us further refine the wavefunctional Ansatz from ψ = eS to
ψǫ[E˜] = exp
[(
αfǫ(0) + β +
γ
fǫ(0)
)
S
]
(27)
where α, β and γ are numerical constants to be fixed by the requirement that the constraint be identically satisfied.
Performing the replacement of (27) in (25), recalling that we are in the e = eR case, then the surviving terms of the
regularized Hamiltonian constraint are
Ĥǫ(x)ψǫ[E˜] = e
[R
2
+ Λ +
1
2
(~Gfǫ(0))
2
(
9 + αM
)
+ (~G)2
(
fǫ(0)
(
βM +
9ib
2
)
+ γM − 3b
2
4
)]
eR
ψǫ[E˜] = 0 (28)
where we have defined
M = ǫ˜ijkǫabce
a
iM
bc
jk (29)
evaluated at eR. To avoid the blowing up of (28) as ǫ→ 0 we must choose
α = − 9
M
; β = − 9ib
2M
, (30)
6which eliminates the (fǫ(0))
2 and fǫ(0) terms, ∀ǫ, leaving us with the following condition which must be satisfied(R
2
+ Λ− 3(~Gb)
2
4
+ (~G)2γM
)
ψǫ[E˜]
∣∣∣∣
e=eR
= 0. (31)
It is shown in [2] that a choice of γ is tantamount to a choice of curvature. But the terms which is quadratic in b
allow the freedom to change that curvature via unitary transformation using the affine group translational element
U(0, b) = eibV . So without loss of generality, we will take γ = 0. So the peaked configurations identically satisfy the
regularized Wheeler–DeWitt equation for all ǫ > 0, and these configurations have support on triads eR such that
R
2
+ Λ− 3(~Gb)
2
4
= 0 −→ R = 6k, (32)
for curvature constant k. This implies that
b =
2
~G
√
Λ
3
+ k −→ U(0, b) = ei(2/~G)
√
Λ/3+kV , (33)
which provides the meaning of the affine group translational parameter b. It is directly related to the curvature
constant k appearing in the Yamabe problem. So the state |0, b〉 = eibV |0, 0〉 is annihilated by Ĥ(x) provided that
Ĥ(x) annihilates the wavefunctional
ψǫ[E˜] = exp
[
− 1
M
(
9fǫ(0) +
9ib
2
)]
= e−(9ib/2M)Sexp
[−9fǫ(0)
M
S
]
. (34)
We can make the identification 〈E˜|0, 0〉 = e−9 fǫ(0)M S in (34), which satisfies the original Hamiltonian constraint
Ĥǫ(x)|0, 0〉ǫ = 0. Hence the regularized constraint Ĥǫ(x) for the translated case must be satisfied by
〈E˜|0, b〉ǫ = eibV e−(9ib/2M)Se−(9fǫ(0)/M)S . (35)
We would have a confirmation of the affine translation mechanics via the desired form of |0, b〉 = eibV |0, 0〉 in (35) if
not for the factor e−(9ib/2M)S . This factor was picked up in order to cancel a certain infinity, and is a result of having
to introduce the regulator. We must now remove the regulator, and recall from [2] that in the case of the Gaussian,
we have
e−(9fǫ(0)/M)S −→ δ(E˜ − E˜R) ≡
∏
x∈Σ
∏
i,a
δ(E˜ia(x)− (E˜ia(x))R). (36)
The delta functional has support on configurations e = eR, vanishing for all e 6= eR for ǫ = 0. But along with
the Gaussian in this regularization prescription, as per (35) also comes the factor e−(9ib/2M)S , which has no direct
bearing on the affine algebra representations. The existence of regularization dependence would be an undesirable
effect within the affine algebra. However, it must be the case that
limǫ→0e
−(9ib/2M)Se−(9fǫ(0)/M)S = limǫ→0e
−(9fǫ(0)/M)S , (37)
due to the delta functional confining of the support to configurations e = eR. So in the limit of removal of the
regulator, the unwanted e−(9ib/2M)S term becomes suppressed for e 6= eR and is exactly equal to 1 for e = eR, since
S is a quadratic functional E˜ia centered on (E˜
i
a)R. So we have upon removal of the regulator that
〈E˜|0, b〉 = eibV δ(E˜ − E˜R) = 〈E˜|eibV̂ |0, 0〉 (38)
exactly as dictated by the affine algebra.
The nonpeaked configurations e 6= eR
Having shown that the e = eR configuration solves the Wheeler–DeWitt equation ∀ǫ > 0 we must now consider the
e 6= eR configurations. We will now utilize the properties of the functional Schwartz space as defined in [2], namely
the set of functionals of rapid decrease. For these configurations the quantum terms in the second line of (25) would
blow up if the regulator were to be removed. But since the form of the wavefunctional ψ = eS −→ e−αfǫS has been
fixed by the e = eR case, it is clear that any possible fǫ(0) terms in the Hamiltonian constraint will not blow up any
faster than ψ goes to zero. So for e 6= eR the condition Ĥǫ(x)ψǫ[E˜] = 0 will be violated for all ǫ > 0, but the size
of the violation can be made arbitrarily small as ǫ → 0, corresponding to removal of the regulator. It is precisely at
ǫ = 0 that the e 6= eR configurations are infinitely suppressed, resulting in an exact solution to the constraint.
73.3 Physical interpretation
We have proven that |0, b〉 ∈ KerĤ(x) as a consequence of Ĥ(x)|0, 0〉, and in the process have determined the
physical interpretation of the parameter b via (33). The requirement that the Hamiltonian constraint be identically
satisfied in (25) at the critical point (δS/δE˜ia)e=eR = 0 for arbitrary b provides the following physical interpretation.
Recall from [2] that the constant curvature condition R = 6k is a gauge-diffeomorphism invariant statement. So two
curvatures k and k + dk, however, close together, cannot be related by a diffeomorphism or gauge transformation
connected to the identity. In this sense, the solution to the Yamabe problem partitions 3-metrics hij into distinct
equivalence classes labeled by the curvature k. So for any given curvature k, one is confined to that value of k and
the accompanying two gravitational degrees of freedom per point associated with the Yamabe problem for curvature
6k, provided that one is restricted to the SO(3) and diffeomorphism transformations. The label k then, by definition,
refers to all solutions within the same gauge and diffeomorphism equivalence class.
The condition (25) being satisfied corresponds to a critical point of S, which means that affine translation with
respect to the parameter b results in a change of the curvature k. This transformation U(0, b) as mentioned above
is neither a SO(3) gauge transformation nor a spatial diffeomorphism. Rather, U(0, b) is an affine group translation,
which is a transformation induced by the fact that the Hamiltonian constraint, affine algebra (1), has an exact group
theoretical solution. So translation in the b direction in the affine group manifold coordinatized by points in the
upper half plane (a, b) corresponds to a transformation of the curvature k. Whether the affine transformation should
be considered an additional gauge symmetry of GR which generates transformations of the curvature constant k,
or whether distinct curvatures correspond to distinct physical configurations will be an interesting topic for future
discussion. Nevertheless, it seems to suggest that this could be a possible mechanism by which one may distinguish
transformations generated by the Hamiltonian constraint as being physical rather than gauge.
A nice analogy happens in spontaneous symmetry breaking of λφ4 theory at the level prior to the breaking of the
symmetry. The symmetry signifies a degenerate vacuum of the theory, where the field φ rolls in a the valley of a φ4
potential with mass squared term of the right sign. In the same way that the symmetry continuously connects points
on the vacuum manifold, so do the affine translations continuously connect configurations of constant curvature.
Finally, the identification of the solution
〈E˜|U(0, b)|ψ〉 = ei(2/~G)
√
Λ/3+kV δ(E˜ − E˜R) (39)
corresponds to unitary affine group translations via the aforementioned mechanism for Λ3 + k > 0. This is analogous
to the classical evolution of a free point particle e(i/~)Ekt with continuous energy eigenvalue labeled as Ek, playing a
role analogous to the curvature label k. Moreover, we can have superpositions of states with different values of Ek
and consider analogies to problems in ordinary one dimensional quantum mechanics (here, the volume V is playing
the role of the time t), therefore, (42) can be re-formulated as
〈E˜|U(0, b)|ψ〉 = e ı~ [ 2G
√
Λ
3+k]tδ(E˜ − E˜R) = eıbV δ(E˜ − E˜R) (40)
which shows the translational parameter b depends on constant curvature k and for every particular constant curvature
k, it gives the energy
Ek = b~ =
2
G
√
Λ
3
+ k (41)
But for k < −Λ3 , the wavefunctional goes as
〈E˜|U(0, b)|ψ〉 ∼ e−(2/~G)
√
|Λ/3+k|V δ(E˜ − E˜R), (42)
which is some type of tunneling solution. A consequence of this is that quantum-mechanically, due to the affine group,
the expansion of spacetimes with highly negative curvature must be suppressed, in relation to universes with small
volume.
4. AFFINE GROUP DILATIONS
We have carried out the main goal of this paper, namely to establish a physical interpretation for the translational
part of the affine Lie algebra with respect to GR solutions. Displacement in b of the group manifold corresponds
8to a change in the constant curvature k. The dilational part of the affine group will be somewhat more involved to
establish in the functional Schrodinger representation. The corresponding generator (2) in this representation is given
by
iQ̂ = i
∫
Σ
d3y
[
1
2
(~G)
(
R˜ia(y)
δ
δE˜ia(y)
+
δ
δE˜ia(y)
R˜ia(y)
)
− 1
3!
(~G)3ǫ˜ijkǫabc
δ3
δE˜ia(y)δE˜
j
b (y)δE˜
k
c (y)
]
. (43)
The facility of the translational case stems from the fact that the translational group element U(0, b) = eibV acts
by multiplication in the functional Schrodinger representation. For dilations, the operator Q̂ acts by functional
differentiation. The Weyl-ordered version (43) appears ghastly for numerous reasons. First, it involves multiple
functional derivatives acting at the same spatial point. For a generic wavefunctional this could entail a regularization
prescription of the form
i(~G)
2
∫
Σ
d3yR˜ia(y)
δ
δE˜ia(y)
+
i(~G)
2
∫
Σ
d3x
∫
Σ
d3yf˜ǫ(x, y)
δR˜ia(y)
δE˜ia(x)
− i
3!
(~G)3
∫
Σ
d3x
∫
Σ
d3y
∫
Σ
d3zǫ˜ijkǫabcf˜ǫ(x, y)f˜ǫ(x, z)
δ3
δE˜ia(x)δE˜
j
b (y)δE˜
k
c (z)
. (44)
The burden of accurate accounting of the regularization dependent terms of Q̂, is compounded infinity-fold by the
fact that the operator must be exponentiated. To this end it helps that Q̂ is self-adjoint. Still it appears nontrivial, by
any standard, to check that the Wheeler–DeWitt operator acting on a generic state is invariant under transformations
generated by Q̂. However, due to the results of [1], when restricted to states forming a representation of the affine
algebra, the action of (43) to all orders, which corresponds to the limit of the action of the exponentiated version
(44) when the regulator is removed, should by definition leave Ĥ(x) in (1) invariant. We will relegate an explicit
demonstration of this proposition via the functional Schrodinger representation to a separate paper. For the purposes
of the present paper it will suffice to demonstrate this result formally using the properties of the affine algebra.
We would like to show that the Hamiltoinian constraint is invariant under affine group dilations, so that |a, 0〉 is a
solution given that |0, 0〉 is a solution. So we have, restricted to the space of physical states that
Ĥ(x)|a, 0〉 = [iQ̂, V̂ (x)]|a, 0〉 − λV̂ (x)|a, 0〉 = [iQ̂, V̂ (x)]eiaQ̂|0, 0〉 − λV̂ (x)eiaQ̂|0, 0〉. (45)
Using the requirement that [Q̂, Q̂] = 0 for any operator irrespective of however ill-defined it may be, then (43) can be
rewritten as
Ĥ(x)|a, 0〉 = eiaQ̂e−iaQ̂[iQ̂, V̂ (x)]eiaQ̂|0, 0〉 − λeiaQ̂e−iaQ̂V̂ (x)eiaQ̂|0, 0〉.
= eiaQ̂[iQ̂, e−iaQ̂V̂ (x)eiaQ̂]|0, 0〉 − λeiaQ̂e−iaQ̂V̂ (x)eiaQ̂|0, 0〉. (46)
It is at this point that we invoke the powerful results of the affine Lie algebra, namely that on states forming
representations, we have the dilation
e−iaQ̂V̂ (x)eiaQ̂ = e−λaV̂ (x) ∀x ∈ Σ. (47)
This holds true irrespective of the form of the Lie algebra generators, and the proposition is that it must therefore
hold true for (43) restricted to elements of the physical Hilbert space HPhys. Importing (47) into (46), we have
H(x)|a, 0〉 = eiaQ̂
[
[iQ̂, e−λaV̂ (x)]|0, 0〉 − λe−λaV̂ (x)|0, 0〉
]
= e−λaeiaQ̂Ĥ(x)|0, 0〉. (48)
So if Ĥ(x)|0, 0〉 = 0, then it follows that Ĥ(x)|a, 0〉 = 0 as well, namely that the Hamiltonian constraint is invariant
under affine group dilations by U(a, 0). Combined with the translational result, it follows from the representation
space affine group Lie algebra (1) that the Hamiltonian constraint is invariant under affine group displacements U(a, b).
Given that this is true at the group-theoretical level, we propose that this must as well be the case in the functional
Schrodinger representation of the Wheeler–DeWitt equation.
5. DISCUSSION
We have provided some concreteness to the meaning of affine algebra with respect to gravity and solutions to Einstein
equations. We have verified the result proven in [1] that affine group forms an unitary, irreducible representation of the
9physical Hilbert space. Specifically, we have shown that Wheeler–DeWitt operator Ĥ(x) is invariant under affine group
transformations U(a, b), formally at the level of affine algebra. While we have relegated an explicit demonstration of
this property for the dilational group elements for future work, we have done so rigorously for affine group translations.
This has provided a physical interpretation for the meaning of the translational group parameter b as determined
by the curvature constant k for the spatial manifold in question. Recall that a constant k is inert under SO(3)
gauge transformations and spatial diffeomorphisms. Whether configurations corresponding to different values of k
are physically equivalent or rather, physically distinct, will form an interesting question for future research. Finally,
having determined the interpretation of the constant b as representing something analogous to the energy eigenvalue
of a free particle, it remains to determine the corresponding interpretation for the dilation parameter a. We will
relegate this determination as well for future research.
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